Abstract An orthogonal drawing of a graph is an embedding of the graph in the rectangular grid, with vertices represented by axis-aligned boxes, and edges represented by paths in the grid which only possibly intersect at common endpoints. In this paper, we study three-dimensional orthogonal drawings and provide lower bounds for three scenarios: (1) drawings where vertices have bounded aspect ratio, (2) drawings where the surface of vertices is proportional to their degree, and (3) drawings without any such restrictions. Then we show that these lower bounds are asymptotically optimal, by providing constructions that match the lower bounds in all scenarios within an order of magnitude.
Introduction
Graph drawing is a field with a wide range of applications, for example in network visualisation, data base design and telecommunications. See the recent book [10] for an overview of techniques in graph drawing.
Orthogonal graph drawing, where edges are routed along a rectangular grid, is a popular drawing style which is also appropriate for VLSI circuit layout.
In this paper we study three-dimensional orthogonal graph drawings. Such drawings have application in three-dimensional VLSI; see [1, 2, 18, 22, 23] . We improve on previous results by generalising the existing lower bounds on the volume, and by giving new constructions with smaller volume. In fact, our upper and lower bounds are matching up to a constant factor, and hence asymptotically optimal. We give lower bounds and constructions for three different drawing scenarios, achieving matching upper and lower bounds in all of them. To state our results precisely, we first give formal definitions and notations.
The (three-dimensional) rectangular grid is the cubic lattice, consisting of grid points with integer coordinates, together with the axis-parallel grid lines determined by these points. We use the word box to mean a three-dimensional axis-parallel box with integral boundaries, i.e., a box is a set of points An orthogonal (box-)drawing of X represents vertices by pairwise non-intersecting boxes. Hence vertices are possibly degenerate, in the sense that they may be represented by a rectangle or even a linesegment or a point. This is the approach taken in [5, 8, 26, 27] , but not in [21] . An orthogonal drawing with a particular shape of box representing every vertex, e.g. point, linesegment, or cube, is called an orthogonal shape-drawing for each particular shape. Initial research in orthogonal drawing was mostly concerned with point-drawings, see for example [9, [11] [12] [13] 21, 25] . However, three-dimensional orthogonal point-drawings can only exist for graphs with maximum degree at most six. Overcoming this restriction has motivated recent interest in orthogonal box-drawings [5, 8, 21, 26, 27] .
From now on, we use the term drawing to mean a three-dimensional orthogonal box-drawing. Furthermore, the graph-theoretic terms 'vertex' and 'edge' also refer to their representation in a drawing.
The size of a vertex in a drawing is denoted by 
In particular, a vertex with aspect ratio 1 is a cube. We say that a drawing has bounded aspect ratios if there exists a constant ' such that all vertices have aspect ratio at most ' .
There is no inherent relationship between whether a drawing is degree-restricted or has bounded aspect ratios. Previously, algorithms have been presented that give drawings that are degree-restricted, but do not have bounded aspect ratios [5, 26, 27] . It is conceivable that a drawing could have bounded aspect ratios, but not be degree-restricted (for example, by representing each vertex with a
, though no algorithms to create such drawings have been presented, and as our lower bound results show, no improvement in volume is possible by doing so.
Lower bounds
For a graph X , denote by In this paper, we show that:
We thus improve the results of [16] in three ways: Firstly, we remove the log-factor, to establish [8] .
In fact, the proof of our lower bounds are based on techniques developed in this paper, generalised to graphs with fewer edges.
Algorithms
A trade-off between the maximum number of bends per edge route and the bounding box volume is apparent in algorithms for orthogonal graph drawing. Biedl et al. [8] Both upper bounds are therefore within an order of magnitude of the lower bound. We also present refinements of both our algorithms with one less bend per edge, at the cost of an increase in the volume. Table 1 summarises the known bounds for orthogonal graph drawing.
Lower Bounds
In this section we prove lower bounds on the volume of orthogonal graph drawings. Such lower bounds were previously only known for drawings of the complete graph ¡ ¢ [8] . [8] to obtain lower bounds on the volume. 
Graphs with large cuts
For future reference, we will call the constant ¥ the Ramanujan-constant.
Lower bounds on the volume of drawings
We start by proving the lower bound for those graphs that satisfy the conditions of Lemma 1. The proof is based on the technique developed in [8] , which distinguishes three cases: either many vertices are intersected by one grid line, or many vertices are intersected by one grid plane, or neither of these is the case. Our approach is different in two ways: we use graphs with large cuts, rather than
¡ ¢
, and we incorporate considerations of the aspect ratio and degree-restrictions. 
Proof Consider an orthogonal drawing of X in a grid of dimensions 5 £ 8 £ A . , which proves the first lower bound.
Case 1: A line intersects many vertices
-Assume that every vertex has aspect ratio at most
Since the surface of is at least -Assume that the surface of every vertex is at most . In both cases, we "pad" X ¡ with additional vertices and edges to achieve the desired number of vertices and edges. From Lemma 6 we can conclude the main result of this section. 
Theorem 2 We have the following lower bounds:
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Constructions
In the following, we give two constructions. The first creates degree-restricted cube-drawings with asymptotically optimal volume. The second creates drawings without restrictions on vertex boxes; again the drawings produced have asymptotically optimal volume.
Cube-drawings
In the following algorithm for producing orthogonal drawings, each vertex is initially represented by a square of size
The algorithm by Hagihara et al. [16] is similar in spirit, but uses squares of size to the COMPACT point-drawing algorithm of Eades et al. [13] . Finally, the vertices are extended in the A -dimension to form cubes.
Algorithm OPTIMAL VOLUME CUBE-DRAWING
Output: orthogonal drawing of X . [17] . Note that squares may touch, and since all squares have even side length, we may assume that all corners of the squares have even coordinates.
3. For each vertex 2 T a , remove the top two rows from and the two rightmost columns from .
Vertices are now disjoint; see Fig. 1 . If a unit-length edge segment intersects another edge route then so does one of the adjacent nonunit-length edge segments. Therefore, to show that the drawing is crossing-free, we need only show that non-unit-length edge segments do not intersect, and consider only such segments in the following. Vertical segments cannot intersect because ports are assigned to unique edges. Hence the maximum degree of is
The time-consuming stage of the algorithm is the vertex colouring of . This can be computed in 
Drawings with unbounded aspect ratio
We now show how to create drawings of a simple graph that have volume This algorithm is particularly appropriate for multilayer VLSI as there are no vertical edge segments or 'cross-cuts'; see [2] .
Conclusions and open problems
In this paper, we provided matching upper and lower bounds for the volume of three-dimensional orthogonal box-drawings, under various restrictions on the shape of vertex boxes.
In particular, we showed that any algorithm to create three-dimensional orthogonal drawings that have bounded aspect ratios or are degree-restricted cannot do better than § ¢ i £ § ¢ volume. Then we gave an algorithm that matches this bound, i.e., constructs three-dimensional degree-restricted orthogonal cubedrawings with
If there are no restrictions on the drawing, then we showed that no algorithm can do better than § ¢ i
' & e volume. We gave a second algorithm that matches this bound, i.e., constructs three-dimensional orthogonal drawings with [8, 14] , and lower bounds for drawings with one bend per edge were given in [4] .)
